Progression in Calculations

Addition
Key vocabulary — sum, total, parts and wholes, plus, add, altogether, more than, ‘is equal to’, ‘is the same as’
(Year group) Concrete Pictorial Abstract
Objective and
Strategies
One more Using a range of resources including Using number lines or counting

(unifix blocks, counters, bead strings)

Finding 1 more

on in head to find 1 more

Combining two
groups

&
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&
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Using a range of resources

Using pictures to show two groups and counting
them together

E.q. 4+I= 5
9 - ®
-

Using pictures.
EXC: beginning to use number
sentences to represent
addition.



http://thankgoditsfirstgrade.blogspot.com/2013/10/more-math-stations-and-addition-freebie.html

Combining two
parts to make
a whole: part-
whole model

two numbers
together as a

Use cubes to add

group or in a bar.

Use a variety of resources

Use pictures to
add two numbers
together as a
group or in a bar.

4+3=7

10=6+4

Use the part-part
whole diagram as
shown above to
move into the
abstract.

Starting at the
bigger number
and counting
on

Counting on using number lines by
using cubes, numicon or bead strings.

A bar model which encourages the children to count
on.

The abstract number line:
What is 2 more than 4?
What is the sum of 4 and 4?
What's the total of 4 and 2?

2

This can progress all the way
to counting on using 2 digit
numbers and greater. (year2)

Regrouping to
make 10 by using

ten frames and
counters/cubes or using
numicon.

6+5=11

Start with the bigger number and use

the smaller number to make 10.

Use pictures or a number line. Regroup or partition
the smaller number to make 10.

7+4=11

If | am at seven, how many

more do | need to make 10.
How many more do | add on
now?
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® o o Children to draw
® © o the ten frame
and
counters/cubes

Children to develop an
understanding of
equality e.g.

6+ []=11and
6+5=5+[]

6+5=0L1+4

Adding three

4+7+6=17
Put 4 and 6 together to make 10. Add

single digits on7. P 5’@‘ 51'453" 4+ 7 +6)= [10+[7]
. oose eovvee - ﬁ 10
- — Py - 7
- Combine the two numbers that
T oneeenenee ' N ﬁﬁ N + N make 10 and then add on the
ﬁ N remainder.
Following on from making 10, make 10 Add to ;
) L . gether three groups of objects. Draw a
\(,)Vr;“:hze ?;i%e d?glg?tlts (if possible) then add picture to recombine the groups to make 10.
2-digit + 1/2 TO + O using base 10. Continue to ChiI%reIn to r?pres?nt the cor&ccrjete/using a garticular 41 +8
.. ; S symbol, e.g. lines for 10s and dots/crosses for ones. 1+8=9
dlglt, column :::j/eplrapct;nvc(ij::‘randmg of partitioning ° 40+ 9 = 49
method- no 41+8 010
regrouping

and counting




ON. (See counting on
for concrete and
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pictorial) T o 3
Progress onto TO + TO using base 10 ‘ ‘ ‘ ‘
24 + 15= Calculations
Add together the ones first then add the YR i
tens. Use the Base 10 blocks first before 121+42-=
moving onto place value counters. }
! 0 21
OOro mERs | ‘ o + 42
OO N (EEEEE
01000
16+7 =23
010000 +4 +3
See also bar model image. : { }
16 20 23
27+30=57
#10 +10 +10
I I } ;
27 37 47 57
63+16=7_9? _
: + 5
63 73 79
Column TO + TO using base 10. Continue to This could be done one of two ways. Looking for ways to make 10
method- develop understanding of Par’n’ruonmg 36 + 2B=  30+20=50
rearounin and place value and use this to 545-10
g ping support addition. Begin with no 50+10+1=61

exchanging. 36 + 25
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Column Use Base 10 or place value counters. Children can draw a pictoral representation of the Start by partitioning the
Make both numbers on a place value columns and place value counters to further support | numbers before moving on to
method- grid. their learning and understanding. clearly show the exchange
regrouping below the addition.
|‘.§146 O 20 + 5
0000 0000 i 527 40 + 8
o CO 60 + 13 =73
ole) 0000 | I
000 000 536
: + 85
Add up the ones and exchange 10 ones As the children  ——=
for one 10. mov<(—:-j on, 621
. . int
If the children are completing a word problem, niroduice L1 _
draw a bar model to represent what it's asking 2 3 3 6 1 dec
them to do 9 0 8 o Mmals
) s 5 9 7 7 0o
£23 .5 09
UL S 7 55
=9 3 £ 3 1 14
2 1 11 1
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Add up the rest of the columns,
exchanging the 10 counters from one
column for the next place value column
until every column has been added.

This can also be done with Base 10 to
help children clearly see that 10 ones
equal 1 ten and 10 tens equal 100.

As children move on to decimals,
money and decimal place value
counters can be used to support
learning.

243 6B

with the same number of
decimal places and different.
Money can be used here.

Fluency variation, different ways to ask children to solve 21 + 34:

total?

representing this)

Sam saved £21 one week and £34
another. How much did he save in

21+34=55. Prove it! (reasoning but
the children need to be fluent in

21
+34

21+34=

[ ]=21+34

What's the sum of twenty one and
thirty four?
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Always use missing digit

problems too:

Tens Ones
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Subtraction

Key Vocabulary — take away, less than, the difference, subtract, minus, fewer, decrease, ‘7 take away 3, the difference is four’

(Year group) Concrete Pictorial Abstract
Objective and
Strategies
1 less Using a range of resources including Using number lines or counting
(unifix blocks, counters, bead strings) | | \e on in head to find 1 less
Finding 1 less
Taking away Use physical objects, counters, cubes Cross out drawn objects to show what has been 8—-2=
etc to show how objects can be taken taken away.
ones away. Rather than crossing out, the
children will physically remove the : . , 5 & =8-2
objects. NN\ /S AN\ A\
4-3=1 ' ‘ ’ ,;' A -

EL

4-2=2

15-3= (12

Use of the bar model
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Counting back

Count back using number lines or
number tracks

6 — =

o

Make the larger number in your
subtraction. Move the beads along your
bead string as you count backwards in

ones.
13-4 Fgpooosese @

NN N
2 10 11 12 13

14 15

Start at the bigger number and count back the
smaller number showing the jumps on the number
line.

-10 -10

47 57
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This can progress all the way to counting back
using two 2 digit numbers.

Count back on a number line or
number track

0123L5678910

O+
4 6
NN

9 10 11 12 13 14 15

-10 -10

=1 -1 -1

34 33 36 37 47 57
This can progress all the way to
counting back using two 2 digit
numbers. (Year 2)

Find the
difference

Compare amounts and objects to find
the difference. Use cubes, numicon,
and other objects.

2

Use cubes to
build towers or
make bars to
find the
difference

=« BN B
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3 Panclh

Use basic bar models
with items to find the

difference
" AU 40 4

Comparison Bar Models

Lisa is 13 years old. Her sister is 22 years old.
Find the difference in age between them.

13 ?
/—H—/H
il S—
Draw bars e R ———
to find
the 22

difference

012 3 4 56

Count on to find the difference.

Hannah has 23 sandwiches,
Helen has 15 sandwiches. Find
the difference between the
number of sandwiches.

Find the difference between 8
and 6.




between 2 numbers.

Children to draw the cubes/other concrete
objects which they have used

XXXXXXXX
XXXXXX

8 - 6, the difference is ?
Children to also explore why 9 - 7
= 8 — 6 (the difference, of each
digit, has changed by 1 do the
difference is the same- this will
help when solving 10000-9987)

Part Part Link to addition- use Use a pictorial representation of objects to show
the part whole model | the part part whole model.
Whole Model .| tohelp explain the
/|| inverse between
’l‘@ i addition and
subtraction.
If 10 is the whole and 6 is one of the Move to using numbers within the
parts. What is the other part? part whole model.
10-6=
Make 10 Using numicon or 10 frames Children to present the 10 frame pictorially. 14 — 5 =9 You also want children

14-5=

I

il |

|

V4

VA4
VAl 4

to see

related facts e.g. 15-9=5
Children to represent how they
have

solved it e.g.
14-5=9 14ismadeupof 5, 5and 450 T
A can subtract one 5 to be left with
5 '5 4and 5

14-5=9 5 is made up of 4 and 1 s0 T can
S\ subtract 4 to make 10 and then 1
4 1 to get to 9




Column Use base 10
(2-digit -1-digit, 2-digit — 2-digit and T ©
m_eth od beyond) iy O} B
without. . SR 1317
regrouping 20+ 3
\
. : _ Draw the
— i Base 10 or | This will lead to a clear written
545_ place column subtraction
=) value 3
i T —~ ~ counters
[CIPR alongside 2’
the written e \ Z
calculation W
to help to Z O
. Calculations ShOW
@l QO®® 15-s4-  working.
N
we-
112
Column Using Base 10 and having to exchange. | Represent the base 10 pictorially 836-254-587
grouping 4 1 | oo b o
L & # e
3 N :1 .
1) Start by partitioning 45 Children can start their formal
2) Exchange one ten for ten more ‘%% written n_1ethod by partitioning the
ones t 3B number into clear place value
%% columns.

3) Subtract the ones, then the tens.

Using place value counters
234-88

Once the children have had practice with the
concrete, they should be able to apply it to any

subtraction.
Like the other pictorial representations, children to

represent the counters.

728-582= 146

It's crucial that the children
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understand that when they have
exchanged the 10 they still have
45.45=30+15

%S
16
| 9

This will lead to an understanding
of subtracting any number
including decimals.

1

5 12
2 6 3 .
2 6 .

2 3 60

n

th

Fluency variation, different ways to ask children to solve 391-186

Raj spent £391, Timmy spent
£186. How much more did Raj
spend?

| had 391 metres to run. After 186 |

stopped. How many metres do |
have left to run?

391 - 186

= 391-186

391
-186

Find the difference between 391
and 186

Subtract 186 from 391.
What is 186 less than 3917

What's the calculation? What's the

answer?
*o0 222 [See
O | GOL®
200




Multiplication

Key vocabulary- double, times, multiplied by, the product of, groups of, lots of, ‘is equal to’, ‘is the same as’

Objective and Concrete Pictorial Abstract
Strategies
Doublin Use practical activities to show how to
9 double a number. Draw pictures to show how to double a number. 16
Double 4 is 8 10 6
=/ L. |
x2 x2
/ 20 12
double 4is 3 I:l Partition a number and then
4u1-8 double each part before
recombining it back
together.
Cou nting in g Count in multiples of a
mu|tip|es O ofln of\ b i\ Wla. number aloud.
UL -..\“JI:_A . JL iy JETA .'Lﬁ
U k- ¥ Y T S Uy Write sequences with
multiples of numbers.
— i, 1.l--'__—l--._ e g il il
o 5 0 i 0 0 2,4,6,8,10

Count in multiples supported by
concrete objects in equal groups.

Use a number line or pictures to continue support in
counting in multiples.

5, 10, 15, 20, 25, 30




Repeated Children to represent the practical resources in a picture, | 3 x 4
. e.g.
grouping/ XX XX 4+4+4
addition XX XX
XX XX
Use of a bar model for a more structures method.
Use different o0 ® : ® :
objects to add 0 ® ®
equal groups.
Use number 3x4 Represent this pictorially alongside a number line, e.g. Abstract number line
lines to show BB as as . . |
= N —
repeated e I“ O .l“ O .lO O O Ol Bl 2 ¢ 2
roups e 0 4 8 12
group - s
PP 111 L L
'TT‘Tﬁ::::T?TT?TTTTL
Arrays- Create arrays using counters/ cubes to | Children to draw the arrays. Use an array to write
. show multiplication sentences. multiplication sentences and
showmg reinforce repeated addition.
commutative

multiplication

00000
00000

00000
5+5+5=15
3+3+3+3+3=15

Ry 3=14”
3x5=15




iti Use numicon or Base 10. Children to represent the concrete manipulatives in a Children to be encouraged
Partition to
. 4x 15 - picture, e..g Base 10 can be represented like: to show the steps they have
multiply g taken
15x4 T 0 4 x 15
XXXXX
| | | | XXXXX 105
XXXXX
XXX 10x 4=-40
| | 5x 4=20
40 + 20 = 60
A number line can also be
used
+10 - +10 o +10 v +10 .‘.s“«::s +5
Grid Method Show the link with arrays to first Children can represent the work they have done with Start with multiplying by

introduce the grid method.

X 0 | 3 4 rows
0000000000000 10

4 0000000000 000
00000000009 0®0®® 4 rows
0000000000 000 of 3

Move on to using Base 10 to move
towards a more compact method.

X T u

| ——
| ——
| ——
[ —| ]
Move on to place value counters to
show how we are finding groups of a
number.We are multiplying by 4 so we
need 4 rows.

4 rows of 13

place value counters in a way that they understand.

They can draw the counters, using colours to show
different amounts or just use circles in the different
columns to show their thinking as shown below.

one digit numbers and
showing the clear addition
alongside the grid.

X 30 5
7 210 35

210 + 35 = 25

Moving forward, multiply by
a 2 digit number showing
the different rows within the
grid method.




Fill each row with 126.

® o ®
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Calculations

| 4x126

Calculations
4x126

Add up each column, starting with the
ones making any exchanges needed.

@
0OOO [N
®
00
6 100 e 2
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Then you have your answer.

10 8
10 100 80
3 30 24

X 1000 | 300 40 2

10 | 10000 3000 | 400 20

8 8000 | 2400 | 320 16

Column
multiplication

Use place value counters or base 10 (at
the first stage — no exchanging) 3 x 23

Make 23, 3 times. See howmany ones,

then how many tens.

000
000
000

Children to represent the counters in a pictorial way

Tens

Ones

Children to record what it is
they are doing to show
understanding

3x23 3x20=60
3x3=9

203 60+9=69

The aim is to get to the




6 x23
S o, e Hundreds | Tens Ones
ges
00 | 00e STCP 1 961’ 6 lots of / '
COMN TY M
00 eee 23
[0]0) [TY I /

ses Step 2:6 x 3 is 18.
e® _ Can I make an \
exchange? Yes! Ten
ones for one ten.... ]

LoeeE
I/s slielels el

Step 3: 6 x 2 tens and
© . 0 ses— Myextraten is 13 tens.
O 1®ee_ Canlmakean
exchange? Yes! Ten
[} tens for one hundred...

S 100 |98 Step 4-whatdo | have|
@@  each column?

formal method but the
children need to
understand how it works.

6bx23=
23

When children start to multiply 3d x 3d and 4d x 2d etc, they should be confident with the abstract: 1 2 4
x 2 6
To get 744 children have solved 6 x 124 7 a4 a
To get 2480 they have solved 20 x 124 ; 82 o
2 2 4

T 1

Answer: 3224

Fluency variation, different ways to ask children to solve 6 x 23




\23\23 |23 |23 |23 |23|
| |

?

With the counters, prove that
6 x23 =138

Why is 6 x 23 = 32 X 6?

Mai had to swim 23 lengths, 6
times a week. How many lengths

did she swim in one week?
Tom saved 23p three days a week.
How much did he save in 2 weeks?

Find the product of 6 and 23

6 x23=
[ ]=6x23

6 23
x 23 X b

What's the calculation? What's the

answer?

5
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=
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Division

Key vocabulary — share, group, divide, divided by, half, ‘is equal to’, ‘is the same as’

Objective and Concrete Pictorial Abstract
Strategies
Sharing 6-2-3
objects into What's the calculation?
groups 3 3

| have 10
cubes, can you
share them
equally in 2
groups?

This can also be done in a bar so all 4 operations
have a similar structure:




Division as
grouping/
repeated
subtraction

Divide quantities into equal groups.
Use cubes, counters, objects or place
value counters to aid understanding.

10
55458

| '....| .....‘..". ‘..... ‘..... ‘ LA L L) |.O'..|
0 5 10 15 20 25 30 35

96 + 3 =32
o: o: 0:

Children to draw a picture of objects grouped.

3 ¥

-0 =2

0

OOIOOI0O]
) 4

5

28+7=4

Divide 28 into 7 groups. How
many are in each group?

Use a number line to show
jumps in groups. The number
of jJumps equals the number
of groups.

-2 -2 -2
o 2 3 4 5 6
3 groups

0 1 2 3 4 5 6 7 8 9 1011 12

3 3 3 3

Think of the bar as a whole.
Split it into the number of
groups you are dividing by
and work out how many
would be within each group.

20

20+5=7
9% ?2=20




Division with a

14 +3 =
Divide objects between groups and

Children to represent the resources they use in a

Jump forward in equal jumps
on a number line then see

remainder see how much is left over pictorial way. how many more you need to
2d ~1d jump to find a remainder.
[ ]
® 13+4=3rl
' X JF 2 3F X ¢ o
& 28 28 CXN
Use of lolly sticks to form wholes -\ -4 — b - U
~ D~ ~L D D //\/\ m
C )
13+4=
48 +4 =12 Children to represent the base 10 and sharing 48 +4

Division using
base 10

2d+1d (no remainders)
SHARING

]

Start with the tens.

Van \
d

pictorially.

4 tens+4 =1 ten

8 ones + 4 = 2 ones
10+2=12




Sharing with 42+3=14 42+3
counters 4 tens between 3. / -
Can we make an ‘ .
exchange with the ‘ 30:3=10
extra 10? . \
12+-3=4
Exchange the ten for
—.—ﬂ 10 ones and share 10+4=14
° 02000 out 12 ones
® 0 o
‘Bus stop’ Use grouping and counters. Key This can easily be represented pictorially, till the Begin with divisions that
| f ina- h hild l to do it divide equally with no
method anguage for grouping- how many children no longer to do it.

groups of X can we make with X
hundreds'- this can also be done

using sharing!

615+5

H T o
ee
00 ee
0 ®

H T o]}
le@ |@ e
o6 L 1]
©e ®

H T o]
e @ |e®
e 00 ee@
®
- © 0¢

H T [o]
®® ®0g
e %%‘ 00-0
® 'O eee
= U:.

o0 eoo@

Step 1: make 615

Step 2: Circle
your groups of 5

Step 3: Exchange
1H for 10T and
circle groups of 5

Step 4: exchange
1T for 10ones and

It can also be done to decimal places if you have a

remainder!

remainder.

2 1 8
3
418 7 2

Move onto divisions with a
remainder.

8 r 2

6
3
5‘432




circles groups of 5

Finally move into decimal
places to divide the total
accurately.

Fluency variation, different ways to ask children to ask to solve 615 + 5

Using the part whole model below,
how can you divide 615 by 5
without using the 'bus stop’
method?

&Y

T have £615 and share it equally
between 5 bank accounts. How
much will be in each account?
615 pupils need to be put into 5
groups. How many will be in each
group?

5615

615+ 5=

[ ]=615+5

How many 5’s go into 6157

What's the calculation? What's the
answer?

H T (0]
®e |© 004
®e |© 00
©0 eoeo®

©00 000
® (1 X )




Long division

Concrete Pictorial Abstract
o, MT e 0212 Children to represent the counters, pictorially
006060 00 @ ® 12[‘2’-24’4 and record the subtractions beneath. 0 Step one- exchange 2
®ee ®e 1 2
e 12 thousand for 20 hundreds
%g 1 2 2 544 so we how have 25
0 hundreds.
2544 = 12

How many groups of 12 thousands do we have? None

Model

T o]

Th H
%@ @. @® Exchange 2 thousand for
006 ®e
0000 o ® 20 hundreds.
Cee
e
Th H T o
(CRICICITINOI Y )

0000 |%Cee®| o

OB 0 @ '
9000 | 12I%244
/0006 £
©eee | 1

How many groups of 12 are in 25 hundreds? 2 groups.

Circle them.
We have grouped 24 hundreds so can take them off
and we are left with one.

12[2544

24

14
12

Step two- How many groups
of 12 can I make with 25

12| 2544
24

hundreds? The 24 shows
the hundreds we have

1

12| 2544
24

14
12

2

0212

122544
24
14
12

24
24
0

grouped. The one is how
many hundreds we have left.

Exchange the one hundred for 10
tens. How many groups of 12 can
T make with 14 tens?

The 14 shows how many fens I

have, the 12 is how many I
grouped and the 2 is how many
tens I have left.

Exchange the 2 tens for 20 ones.
The 24 is how many ones I have
grouped and the O is what I have
left.




Exchange the one hundred for ten tens so now we
have 14 tens. How many groups of 12 are in 14?1

remainder 2.

Th

H
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" 0060 |

Exchange the two tens for
twenty ones so now we
have 24 ones. How many
groups of 12 are in 247 2




